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Abstract 


A new class of twistor-like string models in four-dimensional space-time extended by 
the addition of six tensorial central charge (TCC) coordinates z mn is studied. 

The Hamiltonian of tensionless string in the extended space-time is derived and its 
symmetries are investigated. We establish that the string constraints reduce the number 
of independent TCC coordinates z mn to one real effective coordinate which composes 
an effective 5-dimensional target space together with the x m coordinates. We construct 
the P.B. algebra of the first class constraints and discover that it coincides with the P.B. 
algebra of tensionless strings. The Lorentz covariant antisymmetric Dirac C-matrix of the 
P.B. of the second class constraints is constructed and its algebraic structure is further 
presented. 


1 Introduction 


The supersymmetry algebra with tensor central charges B !,! is relevant for the brane 
sector 0’ § 0 of M/string theory 0.! 0- It is consistent with an extension of space 
time by tensorial central charge (TCC) j|TTj]. [PL], [L2], [L3 
constructed in B 
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where the coordinates 2 , 


m \7712 • • -TUp 


A wide of relevant models were 
are considered as new inde¬ 


pendent degrees of freedom corresponding to the p-form TCC generators Z mirri2 mp . A 
central charge carried by the BPS brane/string preserving 1/2 of the N=1 supersymmety 
ears in QCD [18, 191 due to spontaneous breakdown of discrete chiral synnne- 
and it is associated with a domain wall created by the gluino condensate. The 

22| and superbrane 


try |20 


23, 24 models has led to 


TCC extension of the superparticle 
new solutions which define the fraction of spontaneously broken supersymmetries. In [^5 


combinations of momentum and domain-wall charges were used to characterize the BPS 
state spectrum of preserved fractions of D = 4 N = 1 supersymmetry. The interesting 
physical and mathematical foundations for the central extension of superspace were con¬ 
sidered in |26|, where a connection between the topological charges and TCC coordinates 
was analysed. 









































All the above points to the relevance of studying the dynamical role of the TCC co¬ 
ordinates in string/brane models. To this end new models for strings moving in D = 4 
space-time extended by six real coordinates z rnn corresponding to the TCC charges Z mn 
were constructed in |27j . The action integrals in these models generalize a twistor like for¬ 
mulations |28| for the Nambu-Goto and tensionless string actions. The suggested models 


have a natural supersymmetric generalization and may be considered as a bosonic sector 
of tensile or tensionless superstrings moving in the extended space-time. Keeping in mind 
the mechanisms for the generation of tension |32|, |33|, |34|, |35|, [28| induced by the interaction 
of tensionless strings |I(| |37|, Q , branes |39|] or D-branes [|fj with additional coordinates 
or fields one could expect a similar effect in the presense of the TCC coordinates. 

Therefore, in [^7|] the action of tensionless string minimally extended by the intro¬ 
duction of the term linear in the derivatives of TCC coordinates was choosen for study, 
ft was shown that inclusion of the z mn coordinates lifts the light-like character of the 
tensionless string worldsheet and removes the degeneracy of the worldsheet metric. This 
could be treated as a hint of string tension being generated. A particular set of solutions 
for the system of the string equations and integrability conditions found in [|27| describes 
the string motion free of transverse oscillations in the x —directions and a wave process in 
the z—directions. These particular solutions do not capture full effects due to the TCC 
coordinates. 

However, these effects have to be visible at the level of the generalized Virasoro algebra 
for the local symmetry generators of the model. To derive this algebra we need to construct 
the Hamiltonian formalism and that is the objective of the present paper. 

By solving this problem the Hamiltonian and the constraints of the tensionless string 
in the extended space-time are constructed. After a covariant separation of the constraints 
into first and second classes we find that only 10 phase space variables of 36 are indepen¬ 
dent. This corresponds to the string moving in an effective (4 + 1)—dimensional target 
space instead of the primary (4 + 6 )—dimensional space-time. As described in section 
5 we expect this effective target space to be AdS 5 . The P.B. algebra for the first class 
constraints is isomorphic to the corresponding P.B. algebra for tensionless string. This 
algebra has a structure similar to that of the contracted algebra of rotations of (Anti) 
de Sitter space. However, the second class constraints in the model under question differ 
from the corresponding constraints for the tensionless string and therefore encode the 
physical effects of the TCC coordinate. The second class constraints will deform the orig¬ 
inal P.B. algebra of the first class constraint into the Dirac bracket algebra and restore 
the correct equations of motion. Then the D.B. algebra of the first class constraints to¬ 
gether with the string equations will define the structure of the string world sheet and 
the effective 5-dimensional target-space. (Equivalently, one can use a formalism where 
the second class constraints are converted into first class constraints in an extended phase 
space [f|l], |43j].) 


We construct the Lorentz covariant antisymmetric Dirac C-matrix of the P.B. of the 
second class constraints displaying its algebraic structure. It may be presented in a 
condenced form as a 9x9 complex matrix. 
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2 Strings with tensor central charge coordinates 


To describe the string dynamics we start from a twistor-like representation of the ten¬ 
sile/tensionless string action |^8| 


S = K J ( Pmn dx m A dx n + A), 


( 1 ) 


where the local bivector p mn (r, a) is composed of the local Newman-Penrose dyads at¬ 
tached to the worldsheet and the A—term fixes the orthonormality constraint for the 
spinorial dyads (or twistor like variables). 

For the case of tensionless string p mn (r, a) should be a null bivector defined by the 
condition 

PmnP mn — 0 , TJmn = (-f H—b), (2) 

which implies the general solution for p mn (r, cr) in the form of a bilinear covariant 


Pmn(k iU^/mnU (<T mn )^'li T CXq. ( CT rnn ) q , (3) 

where U 0 is a Majorana bispinor 

U a — ( ““ ^ , 7 mn= ^[7m,7n], 

®mn &n®rn)' (4) 

For tensile string the bivector p mn (r, a) may be presented as a sum of two null bivectors 

p { mi and pU m 

Pmn = Pmn A Pmn = * [U'JmnU + V"7mnV"]j (5) 

where V a = ^ ^ is the second component of Newman-Penrose dyads (w Q (r, cr), v a (r, a)) 


u a v a = 1, u a u a = v a v a = 0 


and the A(r, cr)— term is 


A(r, cr) = A [u a v a — 1) — A (u a Va — 1). 
The action ([[]) may be rewritten in an equivalent spinor form 

S = in j[p ab dx ae A dxdbC ed + A ], 


( 6 ) 

(7) 

( 8 ) 


where C ed = (y°) ed is the charge conjugation matrix in the Majorana representation and 
p ab is a symmetric local spin-tensor. In the general case p ab may be presented as a bilinear 
combination of the Majorana bispinors U a and V a . 

p ab = aU a U b + [3V a V b + g(U a V b + U b V a ) (9) 


with arbitrary coefficients a,/3 and g. 


3 



The representation (|8|) includes an interesting object - the differential 2-form of the 
worldsheet area element t; ab in the spinor representation 


£,ab £,ba C dx ae A (l/X ,]},, 


( 10 ) 


where 

dx ab = (7 mC~ 1 )abdx m . (11) 

Unlike of the vector representation for the area element dx m A dx n the the spinor repre¬ 
sentation £ ab is a symmetric spin-tensor 2-form under permutations of the spinor indices 
a and b. 

To include the real antisymmetric central charge coordinates z mn we note that they 
may be presented by a symmetric real spin-tensor z ab 

Zab = iz mn (l mn C _1 )afe, (12) 

Then following |2l| we replace the world vector x a b by a more general spin-tensor Y ab 


%ab 


Y ab = x m ( 7m C^) ab + iz mn ( 7 ” m C" 1 ) 


ab’ 


(13) 


It was remarked in [^7[] that the differential dY ab (|T3| ) may be used as a bilding block for 
the consruction of a generalized differential area element 'E ab 

£ab -» = dY a i AdY 1 fe. (14) 

As a result of the extension (|14|) the string action (^j) is also generalized to the form, 

S = ikJ 0 p ab Safe + A ) = i K J 0 P ab dY ae A dY db C ed + A). (15) 


proposed in |27[, to include the TCC coordinates z mn . The modification of the area cl¬ 
ement dx m A dx n induced by the contribution of zi m becomes more apparent after the 
substitution of Y ab ([L3]) into (jl4|) which gives the following representation for the general¬ 
ized area element S a fe 

S a b = ( dx m A dx n - 8dz mi A dz n ')( 7 m?l )a b - 4 i dx l A dzi m (^ m ) a b . (16) 

To derive the representation (|TU|) the standard relations for the 7 — matrices 

(17) 


[ 7 ni?l2 , 7 m ] = 2 (rj nim 7 n2 - r) n2m 'y ni )\, 

77 "”""'" 7 ' 


^raim2 ^mn. 2 j _ 2 ^mmiy>*2n2 _ ^m2ni^min 2 _|_ ^min 2 ^nim 2 _ ^m 2 »2^nim 1 ) 


have been used. 

As a result the generalized action S flU) takes the following form 

S = in /{[( dx m A dx n - 8dz m iA dz n z )y mn - 4 i dx l A dzi m ^ m } a b p a b + A }. 


(19) 


In (pT|) x m and z rnn appear on equal footing, and we would ultimately want to stOudy 
solutions to this model. In a first investigation, however, we consider the minimally 
extended action obtained by omitting the term quadratic in z 

S = in J [(dx m Adx n r y rnn — Ai dx l Adzi m r y m ) a b p a b + A]. 
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( 20 ) 











The model (20) was treated in [27] by considering a tensionless string minimally ex¬ 
tended by the tensor central charge coordinates. This case corresponds to A = 0 and a 
spin-tensor p ab of the form [|28] 


p ah = jjajjb _ 

The minimally extended null string action then takes the form 

S = i J U a ( dx m A dx n 7 mn - M dx l A dz Xm y m ) a b U b , 


( 21 ) 


where the constant k is in a redefinition of x m and Z/ m making all variables in (|2l|) 
dimensionless. 

In |27 a Lagrangian treatment of the model (21) was given. In view of the linear 
character of S (PU| ) in the r world-sheet derivatives x m and zi m this model is characterized 
by a non-trivial set of constraints and it quantization requires an investigation of these 
constraints and construction of the corresponding Hamiltonian mechanics. 

We shall investigate this problem below. 


3 Tensionless string with central charge coordinates. 
The primary constraints 


To study the constraints and Hamiltonian dynamics of S ([21|) we start from its Weyl 
representation [^7 


S = i j [{u a dx a ^/\dx xi3 ui 3 + Uadx aX Adx^u 13 ) 
+2(u a dz al3 Adx g X u x — Uadz ai3 A u x dx X g )], 

To make the transition to the Weyl basis we used the following relations 

TjJ 3 = dx m A dx n (cr mn ) a 13 = ^ dx aX A dx x/3 , 
t 13 a = -(£</)* = dx m A dx n {a mn Y a = ^ dx dX A dx X a, 


where 


dx ad = ( a m) a i)dx m , dx m = -^(a m ) a/3 dx 0dl , 

C 7A’ 


y a0 ~ \ u rnj a p'— , —- ^ ' 

{{<j mn )J)Y = ~(a mn ) $ a, dx^ = e^s^dx;, 


and the antihermitian 2-form H 


a(3 
l\ / ra 


where 


Q a g = -8 i(dz m i A dx l )(a m ) a g = 2[(dz a x A dx X g + dx aX dz x g], 

(^a/j) = ^dfion 


Zm\rri2 ^ iS^mimYp T Z& (5" mim2 ) g ] 


( 22 ) 


(23) 


(24) 


(25) 

(26) 
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Note that S (22) may be equivalently presented in the compact form 


S — 2i J (M Q S a % + Up & u a + ^u a Q a puP). 

For the Hamiltonian description we need the canonical momentum densities 



which are conjugate to the target space coordinates 

QA4 (^adi ^cxfii Ma) Ud) Va 


in the Poisson bracket 


( 27 ) 


(28) 


(29) 


{P M (cr), w(a')}p.B = ~ a') (30) 

As far as the action (^) is linear in the proper time derivative z af 3 , z^p the definition 

(f28|) leads to the primary constraints $ 


= (P"“ - Ag d ) = 0, (31) 

where 

= 2 i{u a f a - r a u*), 

r a = {ux') a + (1 uz') a , (32) 

and T 

vk ofl = 7r a/3 + = 0, (33) 

where 

A (jf = 2i[n a (hx') /3 + M /3 (hx / ) Q ]. (34) 

These constraints have to be added by the primary constraints for the dyads u a and v a 


p : = 0, p ; = 0, (35) 

together with their complex conjugate (c.c.). 

The standard dehnition of the canonical Hamiltonian density 

T-i 0 = V M 'q M ' + ^TT a0 z a p + - C, (36) 

where 

Q_\4' = (iCoQ; Ua, V a , Va') , (37) 

is consistent with the Poisson brackets definition ( |30| ) and generates the Hamiltonian 
equations of motion 


dr 


f(T,a) = j da'{H 0 {a'), f ( t , <j)}p.b.- 


(38) 
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In the considered case we have from the definitions (28) and (36) that 


n 0 = 0 (39) 

and the evolution of the string is described by the generalized Hamiltonian 


n = n 1 + n 2 , 

n x = a a ^ a « + b aP ^ 

Pf-2 = [l^aPu + QqPv + -M U a V a — 1 )] + C.C. 


(40) 


Before we embark on the analysis of the consistency of the constraints, we remark on 
some interesting consequences of ([ll|) and fl33|) , e.g., 


and 


P aa Paa + 8 {ux'u + uz'u){ux'u + Uz'u) = 0 

(41) 

P aa x ' a a = 2 i(ux'z'u — ux'z'u ), 

(42) 

= 7T a/3 7f d/ 3 = 4 (ux'uf, 

(43) 

= Aiiuz'x'u ), n^z'^ = —Ai(ux'z'u), 

(44) 


It follows from (P, (0) and (|h|) that the string constraints reduce to the tensionless 
string constraints |2£ 


paa p | _ n pact I I _ n 

1 1 «a| 2=7r= o — u, i | 2=7r= o v, 


(45) 


if the TCC coordinates z aP and their momenta 7 t q ^ are equal zero. It shows a nontriva- 
ial contribution of the TCC coordinates in the constraint algebra and the null string 
dynamics. Moreover, the constraint ([42]) may be presented in a slightly different form 


r«/3-/ 


= = o 


(46) 


using (£14]) . The constraint (fTO| ) together with the constraints ( P5| ) are equivalent to to the 
hrst class constraints T± 


T ± =P^^ + + ?%) 

±{(<P: + u' A Pi) + (v' a p; + v'^Ff)] = 0, (47) 

where T± describe the world sheet diffeomorphisms corresponding to cr-shifts (modulo the 
constraints (|55| ) for the sign (—) in (pH)) ). 

In the next Sections we will construct the remaining hrst and second class constraints 
using the Dirac’s selfconsistency procedure. 


7 





4 The first class constraints 


The conservation conditions of the constraints (j5|), (|5T[) , (pT3|) , ( |35| ) and their c.c. 

^ = 0(t, cr) = j da'{n(a'), 0(r, a)} RB . ~ 0, (48) 

where the symbol cs means the Dirac’s weak equality, must either restrict the Lagrange 
multipliers in H (|40| ) or/and to produce new secondary constraints. The conservation of 
the constraint @ leads to the condition 

g a u a — fi a v a = 0, (49) 


which has the general solution 


— hu a + gv a , g a — — hv a + uv a . 


(50) 


Analogously, the conservation condition for the constraint P“ = 0 ( |35D gives 

A = 0. 

As a result 1 H.2 in ([I0|) takes the form 

n 2 = [h( Ua p: - Va p «)+ gVa p: + v Ua p :\+ c . c . 


(51) 


(52) 


It is easy to check that 

W = u a P« = 0 (53) 

and its c.c. are the first class constraints generating the gauge symmetry of the action by 
the complex shifts 

5v a = 5vu ai 5u a = 0. (54) 

To check the conservation of the constraint P“ = 0 we note that 

(PJ(a), <f>“V)}p. B . = -2 i[u a x'^ - u«z ' a1 + £ a ^(x'u + uz'f]5(a - a'), 

{P„», *°V)}p.b. = n^iux ') 13 + e^(ux') a }S(a - a'), 

{PJ(a), = -2 i[u & x'^ + Jx'^]5(a - a'). (55) 

Then we find the following equation 

PJ = 2 i [u(ax' — x'a) — ( z!a — 2 bx')u — u(z'a — 2Ac')] 7 « 0 (56) 

which does not involve the Lagrange multipliers h, g and u. It follows from ([47|) that Eqs. 
(^) have as a particular solution 

a a( y = a,Q xL, b a p = b^z^g, = a 0 , bo = bo. (57) 

I 11 fact, substituting ( |57| ) into (|56| ) transforms the latter into the equation 

PJ = —2 i (a 0 — 2 bo)(z'x'u + uz'x ') 7 « 0, (58) 


which has the expected solution 


bo = 


1 

2 a °' 


(59) 
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To find the second solution of (^) and the solutions for the Lagrange multipliers h, g 
and v from 7we consider the consistency conditions for <f>“" and T a A 
To this end we note that 


§W{<j')}p.b. = 2 i[(e a/3 u«u $ - 

-(a' —> o-)\d a 8{a - a), 


(60) 


and 


{<h" Q (cr), = - 2 + £ a ^vP)u a \ a - (ex' —> cr)]^ 0 -5(cr - a'). (61) 

Using ([SOp and d6lf) we find 


1 • 


2 i 


-vj/T — [( M //3 ( Ma ) 7 + u l3 (ua ) 7 ) + (/?—► 7 )] 


+[(C /3 («x') 7 + ?/(C^) 7 ) + (£ -*• t)]> 


where 


C“ = hu a + £U C 

After multiplication (]62| ) by upu^ we find 


uau 


g = (u ,p up) . 

(■ ux'u) 

Moreover, the u' a expansion in the base dyades u a and v a 

u' a = ipu a + XVa 

transforms equations (j 6 ^) and ( |64j ) into the equations 

{vP[{tp + (p){uay + (h + h)(ux'y + y(ha) 7 + g(yx')' 1 ) + n /3 [x(ha) 7 + g(ux'y]} 


(62) 

(63) 

(64) 

(65) 


and 


9 = -X- 


(uau 


ux'u ) 


I 11 the first place we note that the particular solution ([[?]) for a c 


a aa = a 0 x ' aa , a 0 = a 0 


+ {£-*• 7 > = 0 ( 66 ) 

(67) 

( 68 ) 


have to be a solution of Eqs. (| 66 [) and (|67]). After a substitution of ([d8 ]) into these 
equations they are reduced to the relations 


or equivalently to 


(<W + h ) + ( a o<P + h), g = -a 0 x 


h = -a 0 p + i9 0 , g = -a 0 x, 
ip = (■ u' a v a ), x = ~{u' a u a ), 


(69) 


(70) 
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where 9 0 is an arbitrary real function. The expression for Ti 2 (|52j) corresponding to the 
solution (|70|) takes the form 


= [- ao(u' a P . U Q + v' a P v a ) + i>u a P v a + i0 o (u Q P: - v a P “)] + c.c, (71) 

where z> = v + (v ,a v a ) and the relation 

V'a'Uf} V a Up £ a j .3 (72) 

was used. The expression for TC 2 given in (71]) and that for 7i\ in (|40|) shows that the 
Lagrangian multiplier a 0 corresponds to the first class constraints T_ (which equals T + 
modulo the constraints P° ~ 0 and ~ 0). The last 0o-term in ([71]) shows the invariance 
of under the transformations 


< = e m ™u a , </„ = e~‘ e ^v a . 


(73) 


However, the transformations (fH|) is not a symmetry of the action (22) and consequently 

(74) 


we have to choose the integration “constant” 9o in the solution ( |70j ) vanish 

0a (r,a) = 0 . 

We conclude that the solution (|68|) generates the first class constraint 


1 " ~ocfH 

+{{<k + <K) + «o 


^■p 4 X« + + ^% 6 ) 


(75) 


which is one of the generators of the generalized Virasoro algebra corresponding to the 
a —reparametrization of the string world sheet. 


The second generator of this algebra corresponds to the second solution of Eqs. (|66| ) 
and (p7|) 

(76) 


~ ryrv ry — ct — 

a — a\U u , a i = ai 


which restricts the corresponding Lagrange multipliers g, h and x i n %2 (|52|) to be 

g = 0, h = id i, x = 0, (77) 


where 9i(r,a) is an arbitrary real function. Due to the general u’ a expansion (|65| ) we 
conclude that the solution © implies a secondary constraint 

u' a u a = 0. (78) 

It is easy to check that this constraint is preserved by the Hamiltonian ([|0|) because 

g = 0 (79) 


for the both solutions (jTO!) and ©■ The constraint (|78|) is a second class constraint. 
The solutions (|68|) and (^) have also to be the solutions of the equation 


$“"(r,a) = / da'{H(a% « 0, 


(80) 


10 








Using the P.B. (|60p and (|6T|) we find 

{Hx + H 2 , a } RB . = -2 i[u' a (auf + u a (au'f 
+2 (u' a (buf + u a {bu'f) + C{x'uf + u a (x'Cf + C(z'uf + u a (z'()“] - c.c. « 0. (81) 

The substitution of the expansion ( |65| ) 

C« = hu a , u' a = ipu a (82) 

into Eqs. (^) and using the solution (j79j) leads to 

{2[cp(au) a + h(xu) a ] + [2(<p + tp)(bu) a + (h + h)(zu) a ]} — c.c ~ 0. (83) 

The substitution of (|57|) and (^) into (|83|) yields the equation 

{2(a 0 </5 + h)(x'u) a + [a 0 (<p + (p) + (h + h)\(z'u) a }} -c.c^O (84) 

which is satisfied due to the relations (JTOj) and ([74|). 

The substitution of the second solution ([76]) and ( 0 ) into Eq. (|83|) gives the equation 


[h(x'u) a + (<p + (f)(bu) a ) — c.c. ps 0 

which has the following solution for the Lagrange multipliers h and b a p 

h 0 , b a p biu a up. 


(85) 


( 86 ) 


The next step is the substitution of the solutions (|7^) and ( |86| ) into Eq. (j5^) which 
transform it into the final equation 


cli[(ux'u) + (uz'u)\ = 2 bi(ux'u). 


(87) 


As long as ( ux'u ) ^ 0, Eq. ([76|) allows us to express the Lagrange multiplier bi as a 
function of cq 


i. _ a Ui , ( UZ 'u) i y; Ol M , (UZ'U)^ 

6l ~y [1 + (^y J ’ hl ~Y [1 + ^ 1 


( 88 ) 

z yaxu) z yaxu) 

Using Eqs. (0), o, (0), o and the expression for we find the Hamiltonian density 
(|40|) corresponding to the second solution of the selfconsistency conditions 

H = + hi + LAU 


+^( 1 + - v„p;) + c.c.]. 


(89) 


2 [ux'u) 

In just the same way as above we resume that the integration “constant” Q\ should vanish 

6»i(t,(t) = 0, (90) 

because it corresponds to the transformations (|73| ) which are not symmetries of the action 
(E3). Then 7 i. in (|89|) yields the second Virasoro generator 


(uz u 


Q _ p aa UaUdt + -[1 + y - y-J-]7T a/3 U a Up + -[1 + -T-yrr] 

2 (ux'u) 2 (ux'u) 


7 T^UaUp PS 0. 


(91) 


This result completes the Dirac procedure for the construction of the first class constraints 
W (eqn. @)), T (eqn. ([7§)) , Q (eqn. (0)). 
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5 Hamiltonian and algebra of the first class constraints 


In the previous Section we found four real first class constraints: two real constraints T 
and Q and one complex constraint W 

r^V^ +1(7^4,+ r%) 

+«p; + +v ' & p;) «o, 

Q = ^“UaUi, + I[1 + + hi + (“- S3 0, 

2 (ux'u) 2 (ux'u) p 

w = (« Q P“) ~ 0, IT = (« 6 P“) « 0 . (92) 


The Hamiltonian density 77 is correspondingly 

7 i = a 0 T + aiQ + z/W + DW ~ 0. (93) 

If we use the following condenced notation for the constraints Q, W and W 

JC Z = (Q,W,W), (/ = 1,2.3), (94) 


we find that the P.B. algebra of the first class constraints T and /Cj takes the compact 
form 


{T(a),T(a')} RB . = [T(a) + T(a')]d a ,(a - a 1 ), 
(T(cr), JCi(a r )}p.B. = /C/(cr)<9 CT /(cr - a'), 
{lCi(a), = 0 . 


The algebra coincides with the corresponding algebra for tensionless string |31 


(95) 


{r„(<r),r 0 (ff')} KB . = lT 0 (a) + T 0 (a')]B„ia-a'), 

{To(a), IC 0 j(a')}p,B. = A^o/( cr )^<T , (o r — Oj 

{/Coz(o'), 7Coj( cr/ )}p.s. = Oi (96) 

where 

T 0 = 7 |~ =7r=0 , /Co/ = /C/1 z=n=o (97) 

So, we conclude that the minimal inclusion of the TCC coordinates z a p has no effects on 
the level of P.B. algebra for the first class constraint. To find these effects we have to make 
the transition to the Dirac brackets which take into account the second class constraints 
for the considered action (^7|). These constraints differ from the second class constraint 
of tensionless string because of the TCC coordinates z a g presense. 

Note also that the structure of the P.B. algebra (|95|) resembles the structure of the 
contracted rotation algebra in (anti) de Sitter space with the splitted “fifth” coordinate 
and the space radius R going to infinity. In view of an universal character of the T 
generator we do not expect that the two first P.B. in the algebra (|95|) will change after 
the transition to the Dirac bracket. But, we may expect the appearance of a non-zero 
contribution into the right hand side of the Dirac bracket originated from the last P.B. in 
(p5|). If so, that scenario gives a hint that the introduction of TCC coordinates restors a 
finite value of R without breaking the conformal symmetry of the string action. Below we 
derive the second class constraints and describe their algebraic structure. We will show 
that the introduction of the TCC coordinates z mn effectively adds only one coordinate to 
the x m coordinates. 
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6 The second class constraints 


For the covariant splitting of the second class constraints from the constraints 
(|35|) note that the constraints T and Q are the projections of onto the 4-vectors u a Ua 
and x' a6l . So, taking into account that <£>““ is a 4-vector it is useful to introduce a local 


moving frame composed of the real 4-vectors [44, 28 


(+) 

V = U a U 6 


n ic! = v »Va, 


m 


(+) 


(-) 


f U j aVoL ~\~ VotVjQL) ^77/q/q; ^y^cxVoL “l - Vq,ZL, 


(98) 


attached to the string world sheet. The 4-vector may then be expanded in this 4- 

vector basis (^). Taking into account the condition (ux'u) ^ 0, which shows that 4-vector 
x' a6l has a nonzero projection onto the light-like basis 4-vector n ad *, one can choose the 
projections 

M (±) = = o (99) 

to be the second class constraints. The primary constraints <£>““ then split covariantly 
into two real first class constraints T, Q and two real second class constraints M ± 

=> (T, Q) © (M (+) , M (_) ) (100) 

Taking into account the P.B. relations for (|60|) together with the “orthonormality” 
conditions 


n (±) ““ n W = 0, = 1, 

= -2, = o, 

n (±)ad m (±) = 0> m (-)ad m (+) = 0> ( 101 ) 

it is easy to find that the M'±)-constraints have zero P.B. 

{M (±) , M (±) } p . b . = 0, {M (+) , = 0 (102) 

It is suitable to introduce one complex constraint M instead of two real A/M-constraints 

M = i(Af (+) + 0/ w ); M = i((Af<+> - iM { - y ) 

(103) 


forming the abelian P.B. algebra 

{M, M}p,b. = 0, {M, M}p.b. = 0. 
As a result the primary constraint $ Q “ (^0|) are splitted into 

$ d “ =* (T, Q) © (M, M). 


(104) 


(105) 


As to the three complex constraints T“ /3 they are already presented in the abelian 
form 

{T afl , ^ s }pb. = 0, {T a/3 , W *} RB . = 0. (106) 
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and are good candidates for the next set of the second class constraints. These T- 
constraints may be unified with the two complex constraints (|6|) and (|78|) 

u a v a = 1, u ,a u a = 0. (107) 


to form a larger set including five complex second class constraints Y A (A = 1, 2, 3,4, 5) 

Y a = (T a/3 , u a v a - 1 ,u' a u a ) = 0, 

Y A = u 6 v 6: - 1, u ,& u & ) = 0. (108) 

which have zero P.B. between themselves 

{Y a , Y b }p. b . = 0, {Y a , Y B } rb . = 0. (109) 


(P“ = P“ = 0) and observing that the 


At last, going over to the constraints 
projection P“n Q and its complex conjugate form the first class constraints W, W ([53]) 


one can choose the complex projection 


py a = o 


together with the two complex constraints 


( 110 ) 


p; = o (in) 

as a new set of the three complex second class constraints S A (A = 1, 2, 3) 

S A = (P“, P„%) = 0, 

= (Pi, PS) = 0 . ( 112 ) 

The three complex constraints S A and S A have zero P.B. between themselves 

{S A , E e } pb . = 0, {S A , 5 £ }p. B . = 0. (113) 


We have thus, that the total set of second class constraints following from the action 
(j2^) may be divided into three complex abelian subsets: 
the abelian M-subset including one complex constraint 


M = (M, M), 

{M, Mjp.p. = 0; 

the abelian Y A -subset including hve complex constraint 

Y a = (Y a , Y a ), 

{Y a , Y b }p.p. = 0; 

the abelian H A -subset including three complex constraint 

“ — W , “ b 

{S A , E s }pp = 0. 


(114) 


(115) 


( 116 ) 


14 



Having calculated the P.B. between these subsets 


{Y a M}p. s . = G a , 
{Y A , H a } p .p. = F aa , 
{3 a , M}p.p. = H a . 


( 117 ) 


one can present the antisymmetric real 18x18 Dirac’s C—matrix constructed of the P.B. 
of the second class constraints in the compact form of an 9x9 antisymmetric complex 
matrix 


( 0 


C = 


-F 


aa t 


V 


jpAA 

0 

rA^ 


G A \ 

H a 

0 ) 


(118) 


-G A -IF 

This C-matrix is then used to construct the Dirac bracket 

{/M, jMIdj. = {/M, jMU-E /{/W. •P.b.(c- 1 )~{. , g(o')}p. B . (iw) 

and to derive the correct Hamiltonian equation of motion defined by this Dirac bracket 

f(r,a) = j da'{H(a'), f(r,a)} D . B . (120) 

and the D.B. algebra resulting from the P.B. algebra 


7 Conclusion 

Here we constructed the Hamiltonian and studied the constraint structure in a new model 
of strings in a four dimensional space-time extended by the addition of six real TCC 
coordinates z mn . A covariant separation of these constraints into first and second classes 
has been described. We found that the 20 real primary (@); CT- ( P^l) and 2 secondary 
(|78l) constraints are covariantly splitted into 4 real first class constraints (|9^) and 18 real 
second class constraints m, (HD and (III) 


201 


primary constr. 


+ 21 


secondary constr, 


■ ~ 4|/i 


irst class constr. 


, + 181 


second class constr. 


The total number of the phase variables ( |28|) and (|29| ) in the model is 36 = (18 + 18). 
Recalling that the 4 first class constraints kill 8 phase variables, we conclude that the 
number of independent physical phase variables is 10 = 36 — (4 + 4 + 18). These 10 phase 
space variables correspond to 5 off shell physical degree of freedom. So, we conclude 
that the TCC coordinates z mn together with the dyads u a and v a contribute in fact only 
one real off shell physical coordinate into addition to the 4 real world cooordinates x a(i . 
Accordingly, the described string moves in an effective 5-dimensional space-time. 

The problem is now how to construct this 5-dimensional space-time. 

With this in mind we constructed the P.B. algebra for the first class constraints. It has 
a structure similar to that of the contracted rotation algebra of (Anti) de Sitter space-time. 
We found that this P.B. algebra coincides with the correspondent algebra for tensionless 
strings and that discovered an essential role for the second class constraints which codes 
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the physical effects associated with the TCC coordinates. A formulation in terms of the 
Dirac bracket algebra (or an equivalent construction EL], E2L f43|) is needed to derive the 


covariant string dynamics in the effective 5-dimensional space-time. 

Having the Dirac bracket constructed we are able to study the Dirac bracket algebra for 
the first class constraints and to describe the effective 5-dimensional space-time associated 
with the the TCC coordinates z mn . We expect this effective space-time to be AdS$. Now 
we are in a progress to realize this goal. 

After completion of this work D. Polyakov informed us that the addition of a 5- 
form vertex operator corresponding to a brane-like state into the NSR superstring action, 
effectively curves the D = 10 space-time to that of AdS^xS^ J45|. This vertex operator 
contains the world sheet NSR fermions and plays the role of cosmological-like term. 
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